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1. Introduction

Landslides occur throughout the world under different climatic 

conditions and terrain resulting in economic disruption, displacement 

of people and loss of lives. Growing populations, limited in 

geographic expansion, may occupy unstable, steep or remote 

areas. For example, significant economic growth and urbanization in 

Northern Taiwan has translated to increase in land development 

and construction on unsaturated soil slopes (Lin et al., 2016). 

This coupled with storm-induced landslides particularly in 

tropical and subtropical climatic regions, such as Taiwan, Hong 

Kong, Singapore, and Japan have increased attention given to 

slope stability problems (Brand, 1984; Fourie, 1996). 

Silty soil is susceptible to water erosion particularly in areas 

with high rainfall and sloping grounds (Finch et al., 2014). This 

explains why slope failures involving silty slopes is quite 

common in East and South Asia region which is defined by 

heavy rainfall and sloping mountain ranges (Oguchi et al., 2011; 

Yang et al., 2021). Past studies have focused on individual case 

studies which cover a limited range of soil and slope parameters. 

There is still need of a more comprehensive study which 

incorporates a wider range of soil and slope properties. 

Traditional slope stability assessments did not consider 

unsaturated slope conditions by assuming the groundwater rises 

to the surface as a worst case scenario, neglecting negative pore 

water pressures. As much as this is a more conservative approach, it 

may lead to overdesigning and underestimating the stability of a 

slope. An actual case study on two Hong Kong cut slopes by 

Ching et al. (1984) revealed that computed factors of safety 

without considering suction were unreasonably low. Inclusion of 

matric suction in stability analysis yielded about 17% and 20% 

increase in factor of safety respectively for the two slopes. 

Additionally, Rahardjo et al. (1995) also demonstrated the 

importance of matric suction with regards to the stability of 

residual slopes in Singapore, stating that slip surfaces associated 

with shallow landslides mostly occur above the water table, 

necessitating the estimation of negative pore water pressures. 

Oloo et al. (1997) noted that matric suction might possibly have 
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a significant effect on the bearing capacity of thin pavement 

structures. Similarly, Rassam and Williams (1999) showed that 

the stability of tailing dams increased by about 30% when matric 

suction was incorporated in slope stability analysis. Chae et al. 

(2010) studied the relationship between matric suction and 

undrained shear strength using unconfined compression tests on 

silty soils. More recently, Ng et al. (2013), Han and Vanapalli 

(2016) and Yao et al. (2018) investigated the effect of matric 

suction on resilient modulus of unsaturated subgrade soils. Pang 

and Gu (2020) studied the effect of apparent cohesion in 3D non-

homogeneous, unsaturated slopes under steady flow.

This study investigates the contribution of apparent cohesion 

to the stability of silty slopes under hydrostatic conditions covering a 

wide range of soil and slope parameters. Different soil and slope 

conditions are identified where apparent cohesion can be considered 

or ignored. The Phase2 and Optum G2 software are used for 

numerical analysis. The results, conveniently presented in form 

of stability charts similar to Michalowski (2002) and Li et al. 

(2010), clearly demonstrate the effect of unsaturated conditions on 

slope stability. The failure surfaces generated under different 

slope and soil conditions through maximum shear strain contour 

plots are also examined and discussed.

2. Theoretical Background

Fredlund et al. (1978) extended the typical two-dimensional 

Mohr Coulomb model plot to a three-dimensional plot to cater 

for unsaturated soils, the third dimension being matric suction. 

The shear strength equation for unsaturated soil is shown in Eq. 

(1) as follows:

, (1)

where c' = Effective cohesion (intercept of extended Mohr Coulomb 

failure envelope on shear stress axis where the net normal stress 

and matric suction are equal to zero),  = net normal 

stress state on the failure plane at failure,  = pore-air 

pressure on the failure plane at failure, φ' = angle of internal friction 

associated with the net normal stress state variable, , 

 = matric suction on the failure plane at failure, and φb

= angle indicating the rate of increase in shear strength with 

respect to a change in matric suction, .

The inclusion of matric suction as a third dimension to the 

Mohr-Coulomb model introduces a suction component of the 

shear strength which is known as the apparent cohesion. This is 

denoted as . The effects of matric suction can be 

evaluated using apparent cohesion. When added to the effective 

cohesion, c’, the total cohesion, c is obtained as shown in Eq. (2) 

below (Fredlund et al., 2012):

, (2)

where c = intercept of the extended Mohr-Coulomb failure 

envelope with shear stress at a particular matric suction . 

This is referred to as total cohesion at zero net normal stress. 

The soil water characteristic curve (SWCC) gives the likely 

range of suction to be encountered in the field and water retention 

capability of soil. The SWCC shape is mainly determined by the 

grain size distribution and can be developed from field and 

laboratory measurements or by means of pedotransfer functions 

(PTFs) derived from existing soil data sets (Vereecken et al., 

2010). Two points are vital in describing the SWCC and estimating

the shear strength of unsaturated soil, the air entry value, ψaev and 

residual suction, ψr. Typical air-entry value for silty soil can 

range from 10 – 100 kPa (Lu and Griffiths, 2004). 

Figure 1 below shows the variation of shear strength with 

matric suction. Within the linear zone, suction values are below 

the ψaev, the soil exhibits saturated soil behavior, and thus the φ b

equals φ'. For the non-linear zone, suction values are between the 

ψaev and ψr, φ b decreases to a lower value. Here,φ b may be 

considered as a constant value, such as φ b = 0.5 φ', or may be 

determined from the SWCC. In the residual zone, the shear 

strength of unsaturated soil may remain constant, increase or 

decrease (Vanapalli et al., 1996; Fredlund et al., 2012). For soils 

that desaturate easily at low suction values such as sands and 

gravel, the shear strength may possibly decrease (Donald, 1956; 

Escario et al., 1989). Nishimura et al. (2008) established that 

shear strength of a silty soil was maximum at the residual suction 

value and reduced to less than half its maximum value within the 

residual zone of unsaturation. 

The initial suction profile and its variation during rainfall 

plays a key role in evaluation of FoS for unsaturated slopes (Shin 

et al., 2013). As can be seen in Fig. 2, the suction profile varies 

with the prevailing surface flux boundary conditions, mainly 

rainfall and evaporation. For simplicity, this study considers 

hydrostatic conditions, thus the matric suction is mainly controlled

by the hydrostatic line and the position of the groundwater table 

(Fredlund et al., 2012). In the past, hydrostatic conditions have 

been assumed to generate initial suction profiles for slopes 

subjected to rainfall (Tsaparas et al., 2002; Rahardjo et al., 2007; 

Godt et al., 2012; Oh and Lu, 2014; Qi and Vanapalli, 2015). 
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Fig. 1. Typical Unsaturated Shear Strength Envelopes (Zhang et al., 
2014)
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3. Numerical Modelling

With the advancement in computational methods, various numerical

approaches have been developed that accurately capture advanced 

material behavior in the engineering field (Rabczuk and 

Belytschko, 2004, 2007; Rabczuk et al., 2010; Ren et al., 2016; 

Areias and Rabczuk, 2017; Areias et al., 2018; He et al., 2018; 

Zhou et al., 2018; Rabczuk et al., 2019; Cai et al., 2020). Since 

FEM is widely used in slope stability problems (Duncan et al., 

2014), this study employed FEM software, Phase2 (Rocscience, 

2019) based on SRFEA method and Optum G2 (Optum, 2020), 

based on limit analysis upper and lower bound methods, for 

numerical simulation. The two software, based on three distinct 

methods, were used to benchmark against each other, thus verifying 

the accuracy of the results. The strength reduction method (SRM)

was used to calculate the factor of safety (FoS) throughout this 

study based on two approaches described in the next section.

The boundary value problem in this study was the stability 

analysis of an unsaturated slope under hydrostatic conditions. 

The stress distribution within the soil mass followed equilibrium 

equations similar to Timoshenko and Goodier (1951). For 

compatibility, adjacent elements shared common nodes and edges 

with the same primary unknown distribution. The extended Mohr-

Coulomb model was used to model unsaturated soil behavior. 

Full governing equations can be found in the Phase2  (Rocscience, 

2019) and Optum (2020) manuals.

3.1 Factor of Safety (FoS) Definition
Initially proposed by Bishop (1955), the strength reduction method 

(SRM) has been extensively used by various researchers, notably, 

Cheng et al. (2007), Chen et al. (2014), Tschuchnigg et al. (2015b) 

and Kelesoglu (2016) among others. The standard procedure 

assumes a Mohr Coulomb failure criterion and involves successively 

reducing the soil shear strength parameters using the strength 

reduction factor (SRF) until equilibrium can no longer be maintained. 

The critical SRF is the factor of safety of the slope as shown in 

Eq. (3) below:

. (3)

The mobilized subscript signifies mobilized shear strength 

values on the verge of failure.

3.1.1 Strength Reduction Finite Element Analysis 
(SRFEA)

In SRFEA, strength reduction is executed using numerical non-

convergence technique (Griffiths and Lane, 1999) and nodal 

displacement technique (Donald and Giam, 1988). Phase2 and 

PLAXIS employ the non-convergence technique for strength 

reduction. Phase2 confirms the obtained solution by carrying out 

a displacement check based on the nodal displacement technique 

(Rocscience, 2019). Phase2 recommends that ψ = 0 (non-associated 

flow rule). For slopes with low φ'(< 40o), the flow rule does not 

have a big influence on the computation of FoS (Tschuchnigg 

et al., 2015a, 2015b; Lin et al., 2020). Phase2 has recently been 

used by Li and Chu (2019) and Pradhan and Siddique (2020) for 

stability analysis.

3.1.2 Strength Reduction Finite Element Limit Analysis 
(FELA)

Limit analysis approaches are based on upper and lower bound 

theorems of plasticity which bound the rigorous solution from 

above and below (Lyamin and Sloan, 2002a, 2002b). The difference

between the two bounds is an exact measure of the error in the 

solution (Sloan, 2013). Limit analysis approaches have been 

widely used in geotechnical problems (Lim et al., 2017; Li et al., 

2019,  2020a, 2020b). In Optum G2, associated flow rule (ψ = φ') 

is used. Strength reduction involves finding out the feasibility of a 

problem. The feasibility problem and full algorithm are discussed 

in detail by Krabbenhoft and Lyamin (2015). Optum G2 has 

recently been used in slope stability (Oberhollenzer et al., 2018) 

and seismic bearing capacity problems (Es-haghi et al., 2021).

3.2 2D Slope Model Development

3.2.1 Boundary Conditions
This study adopted a two-dimensional, plane-strain model for 

analysis. The distance between the slope and the sides of the 

model was at least three times the slope height, H (Gofar and 

Rahardjo, 2017) as illustrated in Fig. 3. Thus, the boundaries 

were placed far enough from the region where slope failure is 

likely to occur. 

A free slope surface (a-f, f-e, e-d) was adopted while 

movement at the sides (a-b, c-d) and bottom of the slope (b-c) 

FoS
shear strength

shear strength( )mobilised

---------------------------------------------------------=

Fig. 2. Illustration of the Effect of Climatic Conditions on the Pore 
Water Pressure Profile Near the Ground Surface (Fredlund, 
2000)
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was restrained. In Phase2, the auto-restrain surface option was 

used to assign pinned restraints to the bottom and side of the 

model and the surface was free. In Optum, the standard fixities 

option was used to define similar domain boundary conditions. 

This study adopted a simplified water table shape and normalized 

parameter, Hw/H similar to Eid (2014) which made it convenient to 

indicate the water table position and quantify the corresponding 

effect. Also, for slope stability, the water table shape is more 

important within the failure surface zone compared to other areas. 

With reference to Fig. 3, a horizontal water was simulated by 

applying a constant total head on each side of the boundary as well 

as along a water table boundary. For an inclined water Table 1, a 

varying total head with height was applied along the inclining 

section of water table. Given that the study considered hydrostatic 

conditions, seepage flow and infiltration were not considered. 

3.2.2 Mesh and Discretization
The discretization process in Phase2 and Optum G2 is automated, 

the user only specifies the number and type of elements. Since 

the slope model was divided into thin layers, a fine mesh of 

5,000 elements was adopted. A mesh sensitivity check for a 

typical slope case revealed that beyond 3,000 elements, the FoS

and slope failure mechanism are insensitive to changes in 

number of elements (< 1% FoS difference). In Phase2, the initial 

mesh settings remain fixed (no adaptivity option), by default the 

stability analysis was performed using a uniform mesh. The 6-

noded triangular element type was chosen as recommended by 

the Phase2  (Rocscience, 2019) manual. 

In Optum G2, the adaptive mesh option based on advancing 

front type (George, 1971) was chosen which enabled the automatic 

allocation of more mesh elements along the failure surface 

region in 3 successive iterations. The mesh element type chosen 

was lower bound element and upper bound element described in 

the Optum (2020) manual. 

A summary of the mesh settings and computational efficiency 

of the 2 software in this study is given in Table 1. The fast 

computation time only represents software run time and does not 

include slope model development and specification of mesh and 

input parameters which is time-consuming considering the large 

number of cases involved. The proposed chart solutions are 

comparatively quick to use and give a wider picture of the effect 

of unsaturated conditions. This study’s computer specifications 

are as follows: Operating system (OS): Microsoft Windows; 

Edition: Windows 10 Pro; Processor: Intel(R) Core(TM) i9-7900 

CPU @ 3.30 GHz, 3.31 GHz; Installed memory (RAM): 64.0 

GB (63.7 GB usable); System Type : 64-bit Operating System, 

x64-based processor; Graphics Card: (GPU) NVIDIA GeForce 

RTX 2070; Hard Drive Storage Capacity: 1 TB.

3.3 Numerical Validation

3.3.1 Case 1 (No Suction)
A homogeneous 2D soil slope, from Tschuchnigg et al. (2015a) 

was used to validate the Phase2 and Optum G2 numerical programs. 

The soil and slope input parameters are given in Table 2. Similar 

parameters, analysis condition (drained condition) and failure 

criterion (Mohr-Coulomb failure criterion) were used for 

verification. Unsaturated conditions were not considered.

Tschuchnigg et al. (2015a) employed PLAXIS 2D for numerical 

analysis and 15-node triangular element type. The FoS results 

from the Phase2 program (1.53) and Optum G2 program (FoSLB

1.517; FoSUB 1.54) are almost identical to Tschuchnigg’s result 

(FoS 1.53). Additionally, the failure surfaces (generated based on 

shear strain) in both numerical programs are relatively shallow 

and extend to the slope toe. This is similar to that obtained by 

Tschuchnigg et al. (2015a).

3.3.2 Case 2 (Experimental Test Considering Suction)
A small-scale set of landslide tests performed by Tohari et al. 

(2007) was used to validate the applicability of the Phase2 and 

Optum G2 numerical programs to slope stability analysis 

incorporating unsaturated soil conditions. In total, Tohari et al. 

(2007) conducted 4 experiments. FoS results at the start of 

experiment 2 are used for numerical validation given the relevance 

to the scope of this study. The slope in experiment 2 was 

constructed using river sand soil. Table 3 shows the respective 

soil and slope parameters for the river sand. The SWCC fitting 

Fig. 3. Slope Boundary Conditions Used in This Study

Table 1. Mesh and Computational Details of Software in This Study

Software
No. of 

elements

Computation time

(minutes : seconds)

Computer storage 

(Megabytes)

Phase2 5,000 2:33 18

OPTUM G2 5,000 0:39a 3.3a

aThe parameter shown is the average of lower and upper bound cases.

Table 2. Input Parameters for Verification Case 1

Category Parameter (unit) Value

Soil property

Material model

(Mohr-coulomb)

Effective cohesion, c' (kPa)

Unit Weight (kN/m3)

6

20

Internal friction angle, φ' 45

Dilation angle, ψ (o) 45

Young’s modulus, E (kPa) 40,000

Poisson’s ratio, ν 0.3

Slope Geometry Slope angle, β (o) 45
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parameters, α (m−1) and n were estimated using PTFs proposed 

by Benson et al. (2014) based on effective diameter size, d60

(mm) and coefficient of uniformity, Cu.

A hydrostatic suction profile was assumed corresponding to 

initial slope conditions. The unsaturated portion of the slope was 

divided into 3 zones using the respective ψaev and ψr values as earlier 

shown in Fig. 1. Fig. 4 shows the contribution of apparent cohesion 

to unsaturated shear strength with varying matric suction within the 

slope. To account for the shear strength of unsaturated soil in the 

residual zone, two methods were adopted. For the 1st method, the 

apparent cohesion at the residual suction value was held constant 

while for the 2nd method, the apparent cohesion at the residual 

suction value was reduced by half (Donald, 1956; Nishimura 

et al., 2008; Fredlund et al., 2012); the 2 methods are denoted as 

(a) and (b) in Table 4 respectively.

In Table 4, the FoS results obtained from Phase2 and Optum 

G2 are in agreement with the FoS from Tohari et al. (2007). The 

2nd method (b) is seen to yield even closer results to the case 

study. The FoS % difference shown in brackets is based on 

comparison with the average FoS of the different LEM methods 

used by Tohari et al. (2007).

3.4 Slope Geometry and Soil Properties
Previous landslide cases involving silty soil slopes in East and 

South East Asia region served as a guideline for the range of 

parameters chosen in this study (Ng and Shi, 1998; Rahim, 2016; 

Tian et al., 2017; Yang et al., 2017; Nguyen et al., 2020). Table 5 

gives the range of slope geometry and soil properties used in this 

study. The dimensionless parameter  ranging from 0 – 

3 was adopted from Michalowski (2002) and encompasses a wide 

range of soils including silty soil. For silty soil,  

ranges from 0 – 0.25. Cheng et al. (2007) showed that FoS is fairly 

insensitive to changes in soil elastic parameters, i.e., Young’s 

modulus, E, and Poisson’s ratio, ν. Only one set of elastic 

parameters was used.

3.5 Quantifying Effect of Matric Suction Using Total 
Cohesion Method

This study is based on hydrostatic pore pressure condition. 

c′ γH φ′tan⁄

c′ γH φ′tan⁄

Table 3. Soil and Slope Parameters for Verification Case 2 

Category Parameter (unit) River sand

Soil property

Mechanical Parameters

Grain size distribution parameters

Hydraulic parameters

SWCC fitting parameters

Effective cohesion, c' (kPa) 0

Unit Weight, γ (kN/m3) 20

Internal friction angle, φ' 50

Effective diameter size, d10 (mm) 0.175

Coefficient of uniformity, Cu 7.14

Saturated hydraulic conductivity, ksat (m/s) 6.4 × 10−4

Saturated volumetric water content, θs 0.48 

Residual volumetric water content, θr 0.048a

α (m−1) 11.36

n 3.97

Slope Geometry Slope angle, β (o) 45

Slope height, H (m) 0.75

aθr assumed to be 10% θs (Leij et al., 1996). This study adopted the extended Mohr-Coulomb model for numerical analysis.

Fig. 4. Model Slope for Numerical Validation

Table 4. Summary of FoS Comparison Results

Method

Factor of Safety, FoS (at the start of experiment 2)

Tohari et al. (2007)
Phase2 Optum G2a

Ordinary Bishop Janbu Spencer

a 1.280 1.353 1.279 1.348 1.400 (6.0%) 1.400 (6.0%)

b 1.360 (3.4%) 1.355 (3.0%)

a
FoS is the average of upper bound and lower bound results
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Therefore, the authors assumed a linear relationship between 

pore pressures and the distance from the water table. Consequently, 

matric suction (equivalent to negative pore water pressure, -uw) 

was mainly dependent on the hydrostatic profile and position of 

the water table. See Fig. 5.

For a typical slope, the soil stratigraphy was subdivided into 

layers. The cohesion due to matric suction was obtained by 

multiplying the average matric suction for a soil layer by tanφb. 

This apparent cohesion value was added to the effective cohesion, 

c', and the total cohesion, c, assigned to respective soil layers in 

each numerical program (Phase2 and Optum G2) for slope 

stability analysis. 

This total cohesion method by Ching et al. (1984) enables 

input of values based on the user’s choice thereby bypassing 

any uncertainties or inherent limitations in the numerical 

programs in accommodating unsaturated soil behavior. On 

the flip side, the only drawback of this method is having to 

manually compute and input the total cohesion, c, for each 

layer (Fredlund et al., 2012).

4. Results and Discussion

The contribution of unsaturated soil conditions to the stability of 

the slope is examined in this study. Generally speaking, results 

from Phase2 and Optum G2 numerical programs are in good 

agreement even though Optum G2 yields slightly higher Fos

results compared to Phase2, particularly for steeper slope angles 

(β ≥ 30o), which could be attributed to the flow rule (Tschuchnigg et 

al., 2015b) . The results from Optum G2 are the average of FoSLB

and FoSUB. On average, the difference between FoSLB and FoSUB

is about 1%. The slope failure surfaces based on shear strain for 

different conditions are also discussed. 

4.1 Effect of Soil and Slope Parameters on FoS

4.1.1 Effect of Soil Properties on FoS
Focus is placed on the air-entry value, ψaev since the effects of 

mechanical parameters c', φ' and γ on slope stability are already 

well documented in past literature. Generally, the air-entry value, 

ψaev gives an indication of the fines content in a soil sample. A 

high ψaev translates to higher fines content and greater contribution 

of cohesion, c, to slope stability. A comparison of ψaev with FoS

for different water table positions shown in Fig. 6(a), reveals that 

the effect of ψaev on FoS is contingent upon the location of the 

water table, Hw/H. It is observed that for slopes with a high water 

table location, the influence of ψaev on FoS is minimal. However, 

the effect of ψaev on FoS increases for slopes with a lower water 

table. This finding is limited to the range of ψaev studied, 

therefore more investigation would be required in the future.

4.1.2 Effect of Water Table Location H
w
/H

The effect of groundwater table location on slope stability for 

different suction conditions is illustrated in Fig. 6(b). For no 

suction condition, the FoS is only sensitive to changes in water 

table depth for cases with high groundwater position, Hw/H ≥

Fig. 5. Typical Slope Model with Subdivided Soil Stratigraphy

Table 5. Parameters Chosen for This Study

Category Parameter (unit) Range of Values References

Soil property

Material model

(Extended Mohr-Coulomb)

c'/γHtanφ' 

(dimensionless)

0.0 – 3.0 (Michalowski, 2002)

(Yang et al., 2021)

Matric suction angle, φb (o) (Leong et al., 2003)

Air-entry value, ψaev (kPa) 30 − 100 (Lu and Griffiths, 2004)

Dilation angle, ψ (o) Non-associated Flow Rule

(ψ = 0)

Associated Flow Rule

(ψ = φ')

(Rocscience, 2019)

(Optum, 2020)

Young’s modulus, E (kPa) 20,000 (Bowles, 1997)

Poisson’s ratio, ν 0.3

Slope Geometry Hw/H (-2.0) – (0.7) (Yang et al., 2021)

Slope angle, β (o) 15 - 40

φ
b

φ′=

ua uw–( ) ψav<

φ
b

0.5φ′=

ua uw–( ) ψaev>
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Fig. 7. Stability Charts for Unsaturated Soil, ψaev = 30 kPa: (a) Hw/H = -2.0, (b) Hw/H = -1.0, (c) Hw/H = -0.5, (d) Hw/H = 0, (e) Hw/H = 0.1, (f) Hw/
H = 0.3, (g) Hw/H = 0.5, (h) Hw/H = 0.7

Fig. 6. Effect of Soil Properties on FoS: (a) Relationship between ψaev and FoS for Slope with β = 25˚, c'/γHtanφ' = 0.02, (b) Relationship between 
Groundwater Table, Hw/H and FoS for Slope with β = 25o, 40o, c'/γHtanφ' = 0.08, ψaev = 50 kPa
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0.25. For Hw/H ≤ 0.0, the FoS does not change with water table 

depth, since the propagation of the failure surface is no longer 

affected by the water table and the total cohesion, c, in the 

unsaturated zone remains constant (equal to effective cohesion, 

c'). Contrarily, with incorporation of suction conditions, the FoS

continually increases with the depth of the water table due to the 

increasing contribution of apparent cohesion to unsaturated soil 

strength. 

For this study, it is established that for slopes with water table 

depth less than 5 m from the ground surface, the effect of 

apparent cohesion may be ignored. Within such slopes, a major 

portion of the failure surface is below the water table thus 

contribution of suction to unsaturated soil strength is negligible. 

This is seen in Fig. 6(b), for Hw/H > 0.5, where cases with 

suction and no suction conditions have similar FoS, with less 

than 1% difference. Of more practical importance is the contribution 

of apparent cohesion in slopes that are neither too safe to fail nor 

already at collapse. Fig. 6(b) reveals that such slope cases fall 

within the range, β = 25 − 40o and water table location, Hw/H = 

0.5 – (-0.5). This can be confirmed by the chart solutions shown 

in Figs. 7 − 10 for  = 0 – 0.25, corresponding to 

approximate silty soil range. The chart solutions presented in this 

study, follow the format by Michalowski (2002). As seen in Figs. 

7 – 10, four sets of charts solutions are proposed for each ψaev, 

30, 50, 75, 100 kPa and are validated using a case from a 

previous study.

4.1.3 Effect of Slope Geometry
The effect of slope angle, β on FoS for different internal friction 

angle, φ' and suction conditions is shown in Fig. 11(a). The 

difference in FoS between cases with suction and no suction is 

constant with increase in slope angle, β. For example, for φ' = 

25o, the FoS percentage difference between suction and no 

suction cases is about 6% in Optum G2 and 3% in Phase2. For φ'

= 35˚, the FoS percentage difference between suction and no 

suction cases is about 7% in Optum G2 and 4% in Phase2. The 

contribution of suction to FoS is pertinent to all slope angles 

considered in this study.

The relationship between the slope height, H and FoS is 

shown in Fig. 11(b). With increase in slope height, H, the FoS

c′ γH φ′tan⁄

Fig. 8. Stability Charts for Unsaturated Soil, ψaev = 50 kPa: (a) Hw/H= -2.0, (b) Hw/H = -1.0, (c) Hw/H = -0.5, (d) Hw/H = 0, (e) Hw/H = 0.1, (f) Hw/
H = 0.3, (g) Hw/H = 0.5, (h) Hw/H = 0.7
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decreases exponentially. At the same time, the effect of suction 

and by extension apparent cohesion on the FoS diminishes, since 

the no suction and with suction conditions yield relatively similar 

FoS at larger slope heights, H > 30 m. At such slope heights, the 

effect of apparent cohesion may be ignored.

The comparison of different parameters with suction and no 

suction condition reveals that the contribution of apparent 

cohesion to FoS is most noticeable with changes in water table 

location. 

4.2 Applicability of Stability Charts
A parametric study by Rahardjo et al. (2007) highlighting the 

importance of different parameters (Toll et al., 1999) in assessing 

slope instability under different rainfall condition is used for 

validation of the charts solutions proposed in this study. The soil 

shear strength properties used included, c' = 10 kPa, φ' = 26o, φb = 

26o, and unit weight, γ = 20 kN/m3, based on typical values 

encountered in a few Singapore sites. 

For initial conditions, hydrostatic condition was assumed with 

a negative pore pressure cut-off of -75 kPa based on measured 

suction values in Singapore. To simulate rainfall infiltration, 

seepage analysis was performed using SEEP/W by Geo-Slope 

(1998a) and the pore pressures obtained exported to SLOPE/W 

by Geo-Slope (1998b) for slope stability analysis via Bishop’s 

simplified method. The results were given in terms of factor of 

safety for initial conditions, FoS(ini), and FoS for different rainfall 

intensities. The slope model adopted by Rahardjo et al. (2007) is 

shown in Fig. 12. The case used to validate the chart solutions 

involved silty soil properties (study series A) and was based on 

initial conditions prior to rainfall since this study assumes 

hydrostatic conditions.

4.2.1 Case Study
Consider a slope with slope geometry parameters, H = 10 m, β = 

26.6o and 33.7o, and silty soil properties, c' = 10 kPa, φ' = 26o, φb

= 26o, ψaev = 50 kPa, Hw = -5 m; Hw/H = -0.5. Fig. 13 gives the 

procedure of using the stability charts.

Figure 14 shows the estimated FoS/tanφ' values for β, 26.6o

and 33.7o. Table 6 below is a summary of the FoS for the chart 

solutions and the comparison to the FoS of the reference paper. 

Fig. 9. Stability Charts for Unsaturated Soil, ψaev = 75 kPa: (a) Hw/H= -2.0, (b) Hw/H = -1.0, (c) Hw/H = -0.5, (d) Hw/H = 0, (e) Hw/H = 0.1, (f) Hw/
H = 0.3, (g) Hw/H = 0.5, (h) Hw/H = 0.7
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Fig. 10. Stability Charts for Unsaturated Soil, ψaev = 100 kPa: (a) Hw/H = -2.0, (b) Hw/H = -1.0, (c) Hw/H = -0.5, (d) Hw/H = 0, (e) Hw/H = 0.1, (f) Hw/
H = 0.3, (g) Hw/H = 0.5, (h) Hw/H = 0.7

Fig. 11. Effect of Slope Geometry on FoS: (a) Relationship between Slope Angle, β and FoS for Slope with c'/γH = 0.03, Hw/H = 0.5, ψaev = 50 
kPa, (b) Relationship between Slope Height and FoS for slope with β = 25˚, c'/γHtanφ' = 0.06, Water Table Depth, 10 m, ψaev = 50 kPa
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The FoS percentage difference in reference to Rahardjo et al. 

(2007) is shown in brackets. Results from PLAXIS 2D which 

uses the SRFEA technique are also included for comparison 

purposes. In Table 6, the chart solutions are able to estimate FoS

values with reasonable accuracy. 

It should be noted that matric suction angle, φb adopted in this 

study and by Rahardjo et al. (2007) are distinct although FoS

from various methods in Table 6 are similar. For a typical silty slope

H = 10 m, β = 30o, Hw/H = -0.5, c' = 5 kPa, φ' = 32o, ψaev = 75 kPa 

under hydrostatic conditions, there are 2 different scenarios. In the 

first scenario, the relation φb = 0.5φ' when  is 

used, as adopted in this study. The second scenario, the relation 

φb = φ' for all suction values with a negative pore pressure cutoff 

of -75 kPa is used, as adopted by Rahardjo et al. (2007).

Scenario (1): φb = 0.5φ' when  > ψaev. At 7.5 m above 

the water table,  = 73.58 kPa, the apparent cohesion, 

73.58 (tan32o) = 45.97 kPa. At 15 m above the water table, 

 = 147.15 kPa, (>ψaev = 75 kPa), the apparent cohesion, 

147.15 (tan16o) = 42.19 kPa.

Scenario (2): φb = φ' for all suction values with a suction cut-

off of 75 kPa. At 7.5m above the water table,  = 73.58 

kPa, the apparent cohesion, 73.58 (tan32˚) = 45.97 kPa, same as 

scenario 1. At 15 m above the water table,  = 75 kPa 

due to the imposed suction cut-off; thus, apparent cohesion, 75 

(tan32o) = 46.86 kPa.

The conservative relation φb = 0.5φ' when  > ψaev

adopted in this study is seen to be effective in reducing 

apparent cohesion. For  > ψaev, the apparent cohesion 

 is significantly reduced, almost by half. This 

counterbalances the effect of a negative pore pressure cutoff of 

-75 kPa as used by Rahardjo et al. (2007). Evidently, scenario (1) 

can be considered slightly more conservative than scenario (2) 

explaining why the chart results are slightly more conservative 

than Rahardjo et al. (2007) results. It is suggested that the 

proposed charts are limited to slopes with water table location up 

to 30m from the ground surface.

Other reasons for the slight differences in FoS could be due to 

the difference in orientation of the water-table. Rahardjo et al. 

(2007) adopted a water table inclining at 7o as seen in Fig. 12. 

This study adopted a straight horizontal water table orientation as 

shown in Fig. 3. Also, Rahardjo et al. (2007) slope stability 

analysis used Bishop’s simplified method (based on LEM). 

Phase2 and PLAXIS use the SRFEA technique and Optum G2 

uses FELA. Generally, Optum G2 yielded slightly higher FoS

ua uw–( ) ψaev>

ua uw–( )

ua uw–( )

ua uw–( )

ua uw–( )

ua uw–( )

ua uw–( )

ua uw–( )

ua uw–( ) φ
b

tan

Fig. 12. Slope Model Used by Rahardjo et al. (2007) 

Fig. 13. Flowchart Showing Procedure of Using Stability Charts

Table 6. Summary of FoS Comparison from Rahardjo Case 

Slope Angle, β
Factor of Safety (FoS)

(Rahardjo et al., 2007) Phase2 Optum G2 PLAXIS 2D

26.6o 2.55 2.54 (-0.4%) 2.61 (2.3%) 2.54 (-0.4%)

33.7o 2.38 2.27 (-4.7%) 2.29 (-3.7%) 2.24 (-5.7%)

Fig. 14. Magnified Stability Chart for ψaev = 50 kPa, Hw/H= -0.5
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for relatively steeper slopes, β ≥ 30o, compared to Phase2 and 

PLAXIS, whose results are almost identical and are the most 

conservative.

4.3 Development of Failure Surfaces
The failure mechanisms examined for both Phase2 and Optum 

G2 were limited to slopes cases of practical engineering importance, 

particularly, β = 25 − 40o and Hw/H = 0.5 – (-0.5) within silty soil 

range  = 0 – 0.25, considering suction condition. 

Within this range, the toe failure mechanism is most dominant 

which is characteristic of cohesive-frictional soil slopes (Gao et 

al., 2013; Duncan et al., 2014). The failure surfaces in Optum G2 

are much finer due to mesh adaptivity. For clarity, the failure 

surfaces from both software are shown in one figure. The pink 

line represents the water table. The following findings were 

made from the results:

1. As can be seen in Fig. 15, the depth of the failure surface 

decreases with an increase in slope angle, βo. This trend 

was more pronounced compared to other parameters.

2. As Hw/H ratio reduces, implying increasing unsaturated 

layer depth, the failure surface depth increased, as shown in 

Fig. 16. The increase in depth of the failure surface is 

attributable to the presence of negative pore water pressures in 

the unsaturated soil layer which translates to greater 

cohesion, c.

3. An increase in ψaev  increased the depth of the failure 

surface for slopes with a deep water table due to larger 

matric suction which translates to greater cohesion, c. For 

slopes with a shallow water table, and negligible negative 

pore pressures, the size of the failure surface remained the 

same with change in ψaev. As a general rule, increase in 

cohesion leads to increase in depth of the failure surface, 

while an increase in φ', yields shallower failure surfaces, as 

shown by Jiang and Yamagami (2008), Duncan et al. (2014) 

and Lin and Chen (2017) relating the dimensionless shear 

strength parameter, λcφ = c'/γHtanφ' to the depth of the 

failure surface. 

4.4 Sensitivity Assessment
A sensitivity assessment was conducted to quantify the influence 

c′( ) γH φ′tan⁄

Fig. 15. Slope Failure Surface for Different β˚(Hw/H = 0, ψaev = 50 kPa, c'/γ H(tanφ') = 0.08): (a) β = 25, (b) β = 30, (c) β = 40

Fig. 16. Slope Failure Surfaces for Different Hw/H (β = 25o, ψaev = 50 kPa, c'/γ H (tanφ') = 0.08): (a) Hw/H = 0.5, (b) Hw/H = 0.0, (c) Hw/H = -0.5

Fig. 17. Sensitivity Assessment of Input Parameters
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of input parameters on the FoS, the output parameter of interest. 

The parameters were expressed in terms of percentage change 

(%) with reference to a baseline case. In Fig. 17, it is seen that H, 

β, φ' and Dsw have the most significant influence on the FoS. The 

latter, Dsw, (in normalized form Hw/H) has a direct effect on the 

contribution of apparent cohesion to slope stability. γ and ψaev

have the least influence on the FoS. It should be noted that these 

trends are limited to the range of parameters used in this study.

5. Conclusions

This study adopted the total cohesion method to investigate the 

contribution of apparent cohesion to the stability of silty slopes 

under hydrostatic conditions. The following conclusions can be 

made based on the results of this study:

1. Results from the numerical validation cases demonstrate 

that Phase2 and Optum G2 can accurately carry out stability 

analysis for both conventional and unsaturated conditions. 

FoS results from Phase2 and Optum G2 are in good 

agreement; however, Optum G2 yields slightly higher FoS

compared to Phase2 particularly for relatively steep slopes, 

β ≥ 30o. 

2. Under hydrostatic conditions, the contribution of apparent 

cohesion to FoS of a slope is most conspicuous while 

varying the water table position, Hw/H. The contribution of 

apparent cohesion to FoS may be ignored for slopes with a 

water table depth less than 5 m or slope height, H ≥ 30 m.

3. For convenience, the results are presented in the form of 

stability charts which are validated using a case from a 

previous study. The proposed set of charts give reasonably 

close FoS results to the case study, thus, they can be used 

for quick assessment of FoS for unsaturated silty slopes. 

The limitation is that the effect of rainfall infiltration and 

seepage is not incorporated in the chart solutions.

4. The dominant failure mechanism is the toe failure mechanism. 

An investigation into the effect of different slope and soil 

parameters on the depth of the failure surface reveals that 

the slope angle, β o, water table depth, Hw/H and by extension, 

cohesion, c, have the most influence on the depth of the 

failure surface. The influence of ψaev on depth of failure 

surface is dependent on Hw/H.
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Nomenclature

c = Total cohesion (kPa)

c' = Effective cohesion (kPa)

Cu = Coefficient of uniformity d60/d10

Dsw = Water table depth

d10, d60 = Effective grain size 10%, 60% passing

E = Soil Young’s modulus (kPa)

FELA = Finite element limit analysis

FEM = Finite element method

FoS = Factor of safety

FoS(ini) = Initial factor of safety

FoSLB, UB = Factor of safety lower bound, upper bound

H = Slope height (m)

Hw = Vertical distance of water table to slope toe (m)

ks = Saturated hydraulic conductivity (m/s)

LEM = Limit equilibrium method

n = SWCC fitting parameter related to pore size 

distribution (dimensionless)

SRF = Strength reduction factor

SRFEA = Strength reduction finite element analysis

SRM = Strength reduction method

SWCC = Soil water characteristic curve

ua = Pore air pressure (kPa)

uw = Pore water pressure (kPa)

α = SWCC fitting parameter related to air entry value 

(kPa−1)

β = Slope inclination (o)

γ = Unit weight of the soil (kN/m3)

θr = Residual volumetric water content

θs = Saturated volumetric water content

λcφ = Shear strength parameter (dimensionless)

v = Poisson’s ratio

φ' = Internal friction angle (°)

φb = Matric suction angle (o)

ψ = Soil dilation angle (o)

ψaev = Air-entry value (kPa)

ψr = Residual suction (kPa)
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